Intracellular compartmentalization of second messengers can lead to microdomains of elevated concentration that are thought to be involved in ensuring signaling specificity. Most experimental evidence for this compartmentalization involves the second messenger adenosine monophosphate (cAMP), which is degraded by phosphodiesterases (PDEs). One possible way of creating these compartments, supported by recent experiments, is to spatially separate the source of cAMP from regions of elevated PDE concentration. To quantify this possibility, we study here a simplified geometry in two dimensions (2D) and in three dimensions (3D), containing a cAMP point source and regions with different degradation constants. Using the symmetry of our geometry, we are able to derive steady state solutions for the cAMP concentration as a function of the system parameters. Furthermore, we show, using analytics as well as direct numerical simulations, that for physiologically relevant time scales the steady state solution has been reached. Our results indicate that elevating the degradation constant throughout the cell, except for a small microdomain surrounding the source, requires an unphysiologically high cellular PDE concentration. On the other hand, a tight spatial relationship of localized PDEs with the cAMP source can result in functional microdomains while maintaining a physiologically plausible cellular PDE concentration. S This article has associated online supplementary data files
Introduction
It has long been known that a large number of signaling pathways can share a common second messenger, generated through a variety of different external stimuli. Obviously, this leads to the potential of cross-talk between these pathways in which an external stimulation excites multiple pathways in an indiscriminate manner. One possibility to avoid this crosstalk and thus ensure pathway specificity is to create spatial regions in which the concentration of the second messenger is markedly different. By spatially localizing the targets of the second messenger in these microdomains it would be possible to excite different pathways for different external stimuli.
Most of the evidence for this compartmentalization comes from work studying cyclic adenosine monophosphate (cAMP) pathways. cAMP is a ubiquitous second messenger, involved in a multitude of processes including differentiation, development, and excitation/contraction coupling in muscle cells.
cAMP primarily activates the cAMP-dependent protein kinase (PKA) and is generated by membrane bound adenylyl cyclases (ACs) which, in turn, are activated by transmembrane receptors [1] . Experimental evidence has demonstrated that different stimuli can result in the activation of different downstream pathways [2] . In other words, cAMPdependent pathways can be activated in a selective and specific fashion. This is surprising since cAMP is a small molecule with a large diffusion coefficient and thus any local elevation in cAMP concentration should rapidly lead to a homogeneous increase in cytosolic cell-wide cAMP levels.
The existence of cAMP microdomains was demonstrated in recent high resolution fluorescence resonance energy transfer (FRET) experiments with submicrometer resolution. These experiments showed that cardiac myocytes, following β-adrenergic stimulation, displayed multiple discrete microdomains of high cAMP concentration [3] . This compartmentalization is thought to play an important role in functional differences between β 1 -adrenergic and β 2 -adrenergic signaling [2, [4] [5] [6] and might be impaired during heart failure. Similar spatial cAMP gradients have also been found in human embryonic kidney cells [7] and hippocampal neurons [8] .
Two scenarios to limit the spatial extent of the second messenger, and thus ensure specificity, have been postulated. In the first, the cell geometry creates anatomical barriers that naturally limit the diffusion of cAMP. In the second scenario, the degradation of cAMP by phosphodiesterases (PDEs) acts to create a 'functional' compartment [9] . These PDEs exist in many isoenzyme variants and have been shown to act either close to the membrane, in the cytosol or both [10] . Recent experiments have shown that the microdomains of cAMP can be abolished by treating the cells with a PDE inhibitor [11] , strongly suggesting that the second scenario plays a dominant role in the creation of cAMP microdomains. In fact, additional experiments have demonstrated that the PDEs themselves are not uniformly distributed throughout the cell [12, 13] . Instead, they appear to be anchored to subcellular structures, possibly through A-kinase anchoring protein (AKAP) [14] .
Several modeling studies have addressed the β-adrenergic pathway in myocytes [15, 16] . What has been lacking to date, however, is a quantitative and analytical investigation of the effect of PDEs on the spatial distribution of cAMP. In this study we will examine a simplified spherically symmetric model in which molecules from a point source, located on an impermeable membrane, diffuse into a space that contains a region of elevated PDE concentration. Note that our model does not address localization effects that might arise from more complicated geometries. This was shown to occur in a recent numerical study in neurons where the different surfaceto-volume ratios for the cell body and for the dendrites can lead to significant concentration gradients [17] . In addition, we do not include possible feedback from cAMP on the PDEs, as considered in [17] .
In this study, we derive expressions for the steady state concentration in both 2D and 3D and obtain a simple expression that links the critical experimental parameters (the size of the microdomain, the diffusion constant of the second messenger, the production rate and the degradation constant) to a threshold value for PKA activation of the cAMP concentration. We find that a significant lowering of the concentration requires a large value of the degradation constant. If the PDEs are only excluded from the microdomain adjacent to the cAMP source, such a large degradation constant would necessitate cellular PDE concentrations that are unphysiological. On the other hand, our results show that a tight localization of PDEs can also create functional cAMP microdomains and that by limiting the spatial extent of PDEs the cellular PDE concentration can remain in the physiological range.
Compartment model
The detailed cellular geometry of the cAMP machinery, including the location of PDEs is complex and not precisely known. Therefore, we have chosen a highly simplified Figure 1 . The geometry considered in this paper. A point source emits cAMP molecules into the unbounded half space below the reflecting membrane. The cAMP molecules diffuse freely but the degradation rate β is non-uniform: it is low in the first compartment, of size R 1 , and second compartment (r R 2 ) but is high in the region R 1 < r < R 2 .
geometry, depicted in figure 1 , that is amenable to an analytical treatment. In this geometry, we consider the cell to occupy the half space below a reflecting boundary. A source is located at the origin, emitting molecules that can diffuse into the cell. As we are interested in the general localization properties of the ensuing diffusion, we do not specify the detailed nature of this source. Furthermore, since we assume that the spatial scale of the source is much smaller that the cell body, we will consider a point source that emits molecules into an infinite domain. The effect of different zones of degradation in the cell is modeled by defining three regions with different degradation constants: a region of radius R 1 with degradation rate β 1 , a region R 1 < r < R 2 with degradation rate β 2 and a region which extends beyond R 2 and which has a degradation constant β 3 . Of course, since we are investigating scenarios where the degradation constant can form microdomains, we will be most interested in the case where β 2 is much larger than β 1 .
The concentrations in the microdomain, C 1 , in the high degradation zone, C 2 , and in the remainder of the cytosol, C 3 , obey the diffusion equation
At the boundary separating the three regions, both the concentration and its derivative must be continuous
while far from the source we have
Finally, we assume that the initial concentration is zero throughout the domain:
Analytical steady state solution

Two dimensions
The steady state solution for the concentration field in two dimensions can be found using the angular symmetry and writing the diffusion equation in polar coordinates. In these coordinates, the proper boundary condition for a constant source of F molecules s
This, along with the boundary conditions at r = R 1 and r = R 2 , can be used to find a general solution in terms of the flux F, the diffusion constant D, the degradation constants β 1 , β 2 and β 3 and the radii of the compartments
where
Here, and in the remainder of the paper, I n and K n represent the modified Bessel function of the first kind and second kind of order n (see, e.g., [18] ). The coefficients are given by
Note that for the special case of uniform degradation α 1 = α 2 ≡ α the solution simplifies to
Three dimensions
In three dimensions the diffusion equations can be written in spherical coordinates while the proper flux condition reads
Now, the solution is written in terms of modified spherical Bessel functions k n and i n [18] . To distinguish our 3D steady state results from the 2D results we will denote the 3D solutions in lower case
The expressions for the coefficients are identical to those in 2D with K n and I n replaced by k n and i n , respectively and with
For completeness, we also give the solution for uniform degradation
and for free diffusion
Results and discussion
R 2 → ∞
We first address the case of an infinite compartment with high degradation, i.e. R 2 → ∞. In this case, the steady state solutions can be simplified considerably, leading to
where we have defined R ≡ R 1 . The 3D solutions can be found from these expression by replacing K n and I n with k n and i n , the prefactor with F /(2π DR) and A 1 with A 1 . In figure 2 (A) we show the concentration, normalized by the prefactor of equation (12), as a function of the radial distance from the source for several values of the degradation constant β 2 . The first compartment has radius R = 0.1 µm, For r R the degradation constant was set to zero while for r > R it was chosen to be β 2 .
indicated by the dashed line, and was chosen to have a negligible degradation constant. As expected, the effect of the degradation in the second compartment becomes more pronounced for larger values of the degradation constant.
In figure 2 (B) we show a similar set of curves, but now for the 3D case. Again, the concentration profile is normalized by the prefactor (F /(2π DR)) and is markedly altered for large values of the degradation constant. As a comparison, we have also plotted the concentration for the free diffusion case (i.e., β i = 0). Note that such a comparison cannot be made in 2D since there the free diffusion profile diverges (C free ∼ ln(r)).
Obviously, the presence of a nonzero degradation constant reduces the concentration, especially for large values of β 2 . To quantify the effect of the degradation in 3D, we can calculate the ratio of the concentration at r = R, c(R) ≡ c 1 (R) = c 2 (R), for nonzero β 2 and for β 2 = 0
For large values of α 2 R this becomes
This result shows that, as expected, the difference between free diffusion and diffusion in the presence of a high degradation region increases as the degradation constant is increased. To further determine the effect of high degradation rates in the second compartment we compare the value of the concentration at r = R to a threshold value . After all, the desired effect of the second region is to create a compartment in which the concentration of cAMP is high enough to activate downstream pathways while decreasing the concentration in the second compartment such that it is lower than this activation threshold. In the limit α 1 → 0, the expression for concentration at r = R in 2D, C(R) ≡ C 1 (R) = C 2 (R), simplifies to
with an equivalent expression in 3D. The resulting threshold condition C(R) can be further simplified in the limit of large degradation constants (α 2 R 1). Thus in 2D, we find a minimum value for the degradation constant
and as follows, in 3D we obtain
Of course, the expression in 3D is only valid if the concentration for the free diffusion case is above the threshold value. This sets a constraint on the flux, which has to be at least F min = 2π DR . Again, since its free diffusion case is divergent there is no equivalent constraint in 2D. The above expressions show the expected dependence on the system parameters. For example, for increasing flux one needs to increase the degradation constant. Also, a smaller compartment size requires a larger degradation constant. To address possible transient effects, we have also obtained an analytical time-dependent two-dimensional solution in the case of a instantaneous flux source in 2D (see supplementary information)
The solution can be found using the method of Laplace transforms and details are given in the supplementary information. The final expressions are given by
The first term in C 1 can be recognized as the free diffusion solution. The second term is a sum over all the zeroes x j of a function N, given in the supplementary information, in the interval (−β 2 , β 1 ). The final term involves the Laplace transform of the function F 1 , again given in the supplementary information. Likewise, the expression for C 2 contains a term which is a sum over the zeroes x j of a function given in the supplementary information, along with a term which is the Laplace transform of F 2 , which can be found in the supplementary information. It is possible to simplify the expression by expanding the Laplace transform for large values of t (see supplementary information). To examine the accuracy of this expansion we have plotted in figure 3(A) the normalized concentration at r = R/2 as a function of time following a sudden turning on of the flux F at t = 0. The red dotted line represents the result using equation (21) without the Laplace transform and the green dashed line shows the results with the first term in the expansion. As a comparison, the black line is the result of the full numerical solution. The figure shows that keeping only the first term in the expansion accurately captures the time dynamics, especially for larger times. In figure 3(B) we plot the concentration at r = R, assuming a source that releases a constant flux for 1 ms which should be well below the time of activation of AC. Importantly, the concentration in the compartment reaches steady state within 1 ms.
In three dimensions, finding an analytical solution for the dynamic case becomes more difficult. To obtain timedependent solutions for this geometry we have numerically integrated our equations. Again, we find that the concentration reaches a steady state within 1 ms (data not shown). Taken together, these results demonstrate that to investigate cAMP microdomains in our simple model it is sufficient to examine the steady state response.
Finite R 2
From the above results, it becomes clear that the degradation rate in the second region needs to be large to ensure a small value of the second messenger concentration at its boundary. This degradation rate can be translated into a cellular PDE concentration when we assume Michaelis-Menten dynamics. If we use simple first-order kinetics, we can approximate the degradation rate as where k cat is the catalytic constant and K m is the MichaelisMenten constant. Experimental values for these constants are subject to considerable uncertainty. Nevertheless, if we use reported values (k cat = 5 s −1 and K m = 1.3 µm, [19] ), based on our model we can rewrite above equation as below (since the concentration beyond the boundary, c 2 , is much lower than K m )
Hence, we find that for the degradation rates presented in figure 2 (B) require PDE concentrations that are many orders of magnitude larger than K m and much larger than reported values [19, 20] . Thus, our results suggest that using a uniform high degradation zone is physiologically implausible.
Next, we examined the case of finite R 2 and take, for the sake of simplicity, β 1 = β 3 = 0. Results are shown in figure 4 where we plot the normalized concentration as a function of r in 3D for different values of R 2 and a fixed value of β 2 and R 1 . From the figure we can see that the concentration profile within the high degradation compartment approaches the one corresponding to R 2 → ∞ already for small values of R 2 − R 1 . This can be understood by realizing that when the size of the high degradation zone is larger than the decay length, i.e. when
the size of the region becomes irrelevant. For the parameter values used in figure 4 and for D = 100 µm 2 s −1 we find that
To quantify the effect of the high degradation rate in the second compartment, we can again compare the steady state solution to a threshold value . In particular, we can determine for which parameter values c 2 (R 2 ) crosses this threshold. In the limit of large α 2 R 2 we can again find a simple relationship between this threshold and the relevant system parameters. Apart from a numerical factor of order 1, and assuming that (R 2 − R 1 )/R 1 1, these expressions are identical to those shown in equations (18) and (19) . It then becomes obvious that localizing the PDEs can, at the same time, produce a region with a large degradation constant while maintaining an overall PDE concentration that is physiologically plausible. In fact, we can estimate the ratio between the PDE concentration in high degradation area and the cellular PDE concentration. This ratio is simply the ratio of the total volume of spherical half shells and the cell volume
where N tot is the total number of separate sites emitting cAMP (i.e. the number of spherical half shells). Taking a cell volume of V cell = 1.6 × 10 4 µm 3 [21] and using the parameter values of figure 4 with R 2 − R 1 = 0.01 µm we get that this ratio is approximately 5 × 10 −8 N tot . Using the reported value of ∼10 5 β-adrenergic receptors per cell [22] for N tot we find that the cellular concentration of PDE can be several orders of magnitude smaller than the concentration within the high degradation compartment.
An accurate estimate of the required degradation constant is difficult without a precise knowledge of the involved parameters. Nevertheless, we can estimate its order of magnitude using a threshold value of = 0.1 µm [23] .
Recalling the experiments that show that PDE inhibitors abolish microdomains [11] , this threshold should be significantly lower that the value reached via pure diffusion. Hence, the flux should be larger than the aforementioned minimum value F min = 2π DR . For this value of the threshold, combined with a microdomain size of R = 0.1 µm and a diffusion constant of D = 100 µm 2 s −1 we find a minimum 3D flux rate of at least F min ∼ 4000 molecules s
Comparing this to the turnover rate of AC, which is estimated for the soluble form to be around 10 s −1 [24] , we find, as in a previous modeling study [25] , that the source needs to consist of multiple ACs. Of course, a significant reduction of the diffusion constant, as argued in a recent study [26] , might alter this conclusion. Note also that if this source contains multiple receptors the ratio computed above (equation (25)) will become even larger.
Assuming that the flux at our source is F = 10 000 molecules s −1 , we find that for R 2 → ∞ the minimum degradation rate is β 2 ∼ 10 4 s −1 . With the previously quoted catalytic and Michaelis-Menten constants, this would require a local PDE concentration of roughly 2 × 10 3 µm. Clearly, the reduction in the required cellular PDE concentration by limiting the spatial extent of the PDEs is able to bring this number into the physiological range. Furthermore, this local concentration of PDEs translates to ∼750 PDE molecules in a thin spherical shell of thickness 0.01 µm. Assuming a single layer of PDEs, this would result in an inter-PDE spacing of approximately 0.01 µm, equal to the thickness of the shell. Thus, we can conclude that our study demonstrates that the PDEs need to be localized in the neighborhood of the cAMP sources to ensure a tight control of the spatial extent of the cAMP concentration.
Our approach has made a number of simplifications and is amenable to future extensions. For example, we have assumed simple Michaelis-Menten dynamics and have ignored potentially more complicated interactions between the second messenger and the PDE, including possible feedback loops. Such interactions will certainly alter the dynamics of cAMP but should be easy to implement, at least at the numerical level. Also, we have not explicitly modeled PKA activation, AC activation etc [15, 16] but this can be incorporated easily. Finally, we have neglected the detailed structure of the cell by assuming a simple spherical symmetry. Going beyond this idealized geometry requires currently unavailable detailed anatomical knowledge of the location of the PDEs and the cell geometry. Incorporating these details in a numerical approach is, in principal, straightforward. We do not expect, however, that the main conclusion of this study, that PDEs need to be localized to ensure compartmentalization in cAMP signaling, will be changed by these extensions.
